Abstract. Using the coupling method and Girsanov's theorem, we study the strong Feller property and irreducibility for the transition probabilities of stochastic differential equations with non-Lipschitz and monotone coefficients. Then, the exponential ergodicity and the spectral gap for the corresponding transition semigroups are obtained under fewer assumptions.
Introduction and main result
Consider the following stochastic differential equation (SDE):
where b :
are continuous functions and (W t ) t 0 is a d-dimensional standard Brownian motion defined on some complete probability space (Ω, F, P).
When b and σ are locally Lipschitz continuous and monotonic, the asymptotic behavior of diffusion process X t as t → ∞ is well studied (see for example [2] ). Recently, since the work of Malliavin in [8] and LeJan-Raimond in [7] , there are increasing interests for the studies of non-Lipschitz SDE, in particular, when the coefficients have r(1 ∨ log r −1 ) 1/2 -type continuous modulus. For this type of SDE, the flow property and large deviation estimate have been obtained in [1, 15, 5, 10, 11] . In this work, we shall concentrate on the study of the exponential ergodicity of solutions to this type of non-Lipschitz SDE.
Let us first recall some notions about the ergodicity (for example, see [2, Chapter 2]). Let {X t (x 0 ), t 0, x 0 ∈ E} be a family of Markov processes on some probability space (Ω, F, P), where E stands for the state space and is usually a Polish space. That defines a family of transition probabilities on Borel measurable space (E, B(E)):
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An invariant measure µ is defined as a stationary distribution of P t , i.e.:
The existence of such an invariant measure has been considered extensively for various systems (cf. [2, 3] , etc.). But, the uniqueness (or ergodicity) of invariant measures is a more difficult problem. A standard method called the "overlap method" for the uniqueness of invariant measures of P t is the following Doob-Khasminskii theorem (cf. [2] ):
If P t is strong Feller and irreducible, then P t admits at most one invariant measure.
Recall that P t is strong Feller if for each t > 0 and E ∈ B(E)
For a dynamical system determined by an SDE with smooth coefficients, the strong Feller property is a direct consequence of the hypoellipticity of a diffusion operator associated with the SDE, which asserts by Hörmander's theorem that the transition probability has a smooth density with respect to the Lebesgue measure. Another efficient tool for proving the strong Feller property is the Bismut formula (cf. [2] ). However, these two arguments seem to be hardly used to deal with the non-Lipschitz SDEs.
In order to prove the strong Feller property for non-Lipschitz SDEs, we shall use the coupling method combined with the Girsanov transformation. This method has been used in [13] to prove a Harnack type inequality for stochastic porous medium equations. An obvious advantage of this method lies in the succinctness of the proof. Here, the key point for us is the suitable choice of a coupling function. Moreover, for the irreducibility we shall use the ideas of the approximative controllability and Girsanov's transformation. The novelty of this paper is the use of Girsanov's theorem in the proof of the strong Feller property and irreducibility.
Before stating our main result, we introduce the following notations: Let ·, · denote the inner product in R d , | · | the length of a vector in R d , and · 2 the Hilbert-Schmit norm from
We make the following assumptions on the continuous coefficients b and σ:
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use 
It is well known that under (H1) and (H2), equation (1) has a unique continuous strong solution (cf. [12] ), which is denoted by X t (x 0 ). The transition semigroup associated with X t (x 0 ) is defined by
The transition probability is given by
We are now in a position to state our main result in the present paper. 
Moreover, for any q > 1 and each
where α is the same as above and µ(ϕ) :
This theorem will be proved in the next section.
Proof of the main result
We need the following generalization of the Gronwall-Belmman type inequality (cf. [15] ).
Lemma 2.1 (Bihari's inequality). Let ρ η : R + → R + be a concave function given by
where η > 0. If g(s), q(s) are two strictly positive functions on R + such that
We shall separately prove the strong Feller property and irreducibility in the next two subsections, and assume that (H1)-(H3) hold.
Strong Feller properties.
In the following, for the sake of simplicity, for z = 0 ∈ R d we writez := z/|z|. Let us now consider the following coupling SDEs:
where a is the coupling function defined by
and τ is the coupling time given by
The second equation in (4) can be solved as follows: Define It is easy to see that there is a C ε > 0 such that for any z,
So, there is a unique solution Y ε t to the following SDE: dY
For ε < ε, by the uniqueness we clearly have τ ε τ ε and
Thus, τ = lim ε↓0 τ ε is just the coupling time and Y t is well defined on [0, τ], and we also define Y t := X t , for all t τ . Then, it is clear that Y t solves the second equation in (4) . Set Z t := X t − Y t . Using Itô's formula to the function r → |r| 2 + ε, then letting ε ↓ 0, we obtain by (H1)
Note that there exists an η > 0 such that
Taking expectations yields that
where the second step is due to Jensen's inequality. By the Bihari inequality (3), we get that for any t > 0 and |x 0 − y 0 | < η,
We now fix a T > 0 and define
where
By (H3), we have
Thus, ER T = 1 and ER
Brownian motion under the new probability measure R T · P. Note that Y t also solves
So, the law of X T (y 0 ) under P is the same as the law of Y T (y 0 ) under R T · P. We thus have for any
By the elementary inequality e r − 1 re r for r 0, we have for any |x 0 − y 0 | η, 
Irreducibility.
For proving the irreducibility of P t , it suffices to prove that for any x 0 ∈ R d , T > 0, and y 0 ∈ R d , a > 0,
